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Appendix A

In this Appendix we collect the expressions for coefficients Ai entering the quadratic action. Here

and below the small Latin indices run the values a, b, c and we consider that i ̸= j ̸= k:

A1 = −6G4 + 12G4X((π̇))2, (1)

A2 = 2G4, (2)

A3 = FX((π̇))2 + 2FXX((π̇))4 + 4 (Ha +Hb +Hc)KX((π̇))3 −Kπ((π̇))
2

−KXπ((π̇))
4 + 2 (Ha +Hb +Hc)KXX((π̇))5 − 2 (HaHb +HaHc +HbHc)G4

+ 14 (HaHb +HaHc +HbHc)G4X((π̇))2 + 32 (HaHb +HaHc +HbHc)G4XX((π̇))4 (3)

− 10 (Ha +Hb +Hc)G4Xπ((π̇))
3 − 2 (Ha +Hb +Hc)G4π (π̇)

+ 8 (HaHb +HaHc +HbHc)G4XXX((π̇))6 − 4 (Ha +Hb +Hc)G4XXπ((π̇))
5,

Ai
4 = 2KX((π̇))3 − 2 (Hj +Hk)G4 + 8 (Hj +Hk)G4X((π̇))2

− 4G4Xπ((π̇))
3 − 2G4π (π̇) + 8 (Hj +Hk)G4XX((π̇))4, (4)

A5 = −1

3
A1 (5)

Ai
6 = −Ai

4 (6)

A7 =
1

3
A1 (7)

Ai
8 = 2KX((π̇))2 − 2G4π + 4 (Hj +Hk)G4X (π̇) + 8 (Hj +Hk)G4XX((π̇))3 (8)

− 4G4Xπ((π̇))
2,

Ai
9 = −Ai

8 (9)

Ai
10 = −Ai

8 (10)

A11 = −2FX (π̇)− 4FXX((π̇))3 + 2KXπ((π̇))
3 + 2Kπ (π̇)− 4 (Ha +Hb +Hc)KXX((π̇))4

− 6 (Ha +Hb +Hc)KX((π̇))2 − 12 (HbHc +HaHc +HaHb)G4X (π̇)

− 48 (HbHc +HaHc +HaHb)G4XX((π̇))3 + 16 (Ha +Hb +Hc)G4Xπ((π̇))
2 (11)

+ 2 (Ha +Hb +Hc)G4π − 16 (HaHb +HaHc +HbHc)G4XXX((π̇))5

+ 8 (Ha +Hb +Hc)G4XXπ((π̇))
4,
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A12 = 2FX (π̇) + 2 (Ha +Hb +Hc)KX((π̇))2 − 2Kπ (π̇)

+ 4 (HbHc +HaHc +HaHb)G4X (π̇) + 2G4ππ (π̇)− 2G4πHa (12)

+ 8 (HaHb +HaHc +HbHc)G4XX((π̇))3 − 8 (Ha +Hb +Hc)G4Xπ((π̇))
2,

Aij
13 = −2G4π + 4G4X (π̈) + 4G4XHk (π̇) + 4G4Xπ((π̇))

2 + 8G4XX (π̈) ((π̇))2 (13)

A14 = 2FXX((π̇))2 + FX −Kπ −KXπ((π̇))
2 + 2 (Ha +Hb +Hc)KXX((π̇))3

+ 2 (Ha +Hb +Hc)KX (π̇)− 6 (Ha +Hb +Hc)G4Xπ (π̇) (14)

+ 16 (HaHb +HaHc +HbHc)G4XX((π̇))2 + 2 (HaHb +HaHc +HbHc)G4X ,

− 4 (Ha +Hb +Hc)G4XXπ((π̇))
3 + 8 (HaHb +HaHc +HbHc)G4XXX((π̇))4,

Ai
15 = −FX +Kπ −KXπ((π̇))

2 − 2KXX (π̈) ((π̇))2 − 2KX (π̈)

− 2 (Hj +Hk)KX (π̇) + 6G4Xπ (π̈) + 6 (Hj +Hk)G4Xπ (π̇)

+ 4G4XXπ (π̈) ((π̇))
2 − 4 (Hj +Hk)G4XXπ((π̇))

3 − 8 (Hj +Hk)G4XXX (π̈) ((π̇))3 (15)

− 12 (Hj +Hk)G4XX (π̇) (π̈)− 4
(
Hj

2 +
(
Ḣj

)
+Hk

2 +
(
Ḣk

)
+ 3HjHk

)
G4XX((π̇))2

+ 2G4Xππ((π̇))
2 − 2

((
Ḣj

)
+Hj

2 +
(
Ḣk

)
+Hk

2 +HjHk

)
G4X ,

A17 = Fπ − 2FXπ((π̇))
2 − 8 (HbHc +HaHc +HaHb)G4Xπ((π̇))

2

+ 2 (Ha +Hb +Hc)G4ππ (π̇)− 8 (HaHb +HaHc +HbHc)G4XXπ((π̇))
4

+ 4 (Ha +Hb +Hc)G4Xππ((π̇))
3 +Kππ((π̇))

2 − 2 (Ha +Hb +Hc)KXπ((π̇))
3 (16)

+ 2 (HaHc +HbHc +HaHb)G4π,

Ai
18 = −2FX (π̇)− 2KXπ((π̇))

3 + 2Kπ (π̇)− 4KXX (π̈) ((π̇))3 − 4KX (π̇) (π̈)

− 4 (Ha +Hb +Hc)KX((π̇))2 − 4
((

Ḣj

)
+
(
Ḣk

)
+ (Hj +Hk)

2 +

2HbHc + 2HaHb + 2HaHc)G4X (π̇) + 4G4Xππ((π̇))
3 + 8G4XXπ (π̈) ((π̇))

3 (17)

+ 12G4Xπ (π̇) (π̈) + 8 (Ha +Hb +Hc)G4Xπ((π̇))
2 + 2 (Hj +Hk + 2Hi)G4π

− 8
(
(Hj +Hk)

2 +
(
Ḣj

)
+
(
Ḣk

)
+ 2HiHj + 2HiHk +HjHk

)
G4XX((π̇))3

− 8 (Hj +Hk)G4XXπ((π̇))
4 − 16 (Hj +Hk)G4XXX (π̈) ((π̇))4

− 32 (Hj +Hk)G4XX (π̈) ((π̇))2 − 4 (Hj +Hk)G4X (π̈) ,
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A20 =
1

2
Fππ − FXππ((π̇))

2 − 2FXXπ (π̈) ((π̇))
2 − FXπ (π̈)

− (Ha +Hb +Hc)FXπ (π̇) +Kππ (π̈) + (Ha +Hb +Hc)Kππ (π̇) +KXππ (π̈) ((π̇))
2

− (Ha +Hb +Hc)KXππ((π̇))
3 − 2 (Ha +Hb +Hc)KXXπ (π̈) ((π̇))

3

−
(
(Ha +Hb +Hc)

2 +
(
Ḣa

)
+
(
Ḣb

)
+

(
Ḣc

))
KXπ((π̇))

2

− 2 (Ha +Hb +Hc)KXπ (π̇) (π̈) +
1

2
Kπππ((π̇))

2 − 2

(
d

dt
[HaHb +HaHc +HbHc]

+Ha
2 (Hb +Hc) +H2

b (Ha +Hc) +H2
c (Ha +Hb) + 3HaHbHc

)
G4Xπ (π̇)

+ 6 (Ha +Hb +Hc)G4Xππ (π̇) (π̈) + 2
(
(Ha +Hb +Hc)

2 +
(
Ḣa

)
(18)

+
(
Ḣb

)
+

(
Ḣc

))
G4Xππ((π̇))

2 + 4 (Ha +Hb +Hc)G4XXππ (π̈) ((π̇))
3

− 4 (HaHb +HaHc +HbHc)G4XXππ((π̇))
4 − 8 (HaHb +HaHc +HbHc)G4XXXπ (π̈) ((π̇))

4

− 16 (HaHb +HaHc +HbHc)G4XXπ (π̈) ((π̇))
2 − 4

(
d

dt
[HaHb +HaHc +HbHc]

+Ha
2 (Hb +Hc) +Hb (Ha +Hc) +H2

c (Ha +Hb) + 3HaHbHc

)
G4XXπ((π̇))

3

+ 2 (Ha +Hb +Hc)G4Xπππ((π̇))
3 − 2 (HaHb +HaHc +HbHc)G4Xπ (π̈)

+
((

Ḣc

)
+Hc

2 +
(
Ḣb

)
+Hb

2 +HbHc +
(
Ḣa

)
+Ha

2 + 2HaHc +HaHb

)
G4ππ,

Bab =
1

3
(Hb −Ha)A1, (19)

Bbc =
1

3
(Hc −Hb)A1, (20)

Bac =
1

3
(Hc −Ha)A1. (21)
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D1 =
2

3
(Ha −Hb) H̄aH̄b +

2

3
(Hc −Hb) H̄bH̄c +

2

3
(Ha −Hc) H̄aH̄c+ (22)

+
1

3

∑
i,j=a,b,c

i ̸=j

d

dt

[
H̄iH̄j

]
, (23)

D2 =
1

abc

d

dt
[abcD1] , (24)

A =
2

3
A1

(
H̄aH̄b + H̄aH̄c + H̄bH̄c

)
− 9

2

A4
2

A3
. (25)

In this section we denote

A4 =
1

3

∑
l=a,b,c

Al
4H̄l, A8 =

1

3

∑
l=a,b,c

Al
8H̄l, A18 =

∑
l=a,b,c

Al
18H̄l, (26)
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and as usual i ̸= j ̸= k.

Θi =
1

3
A1

(
H̄j + H̄k

)
, (27)

Λi =
1

3A3

(
9A4A

i
8 +A1A11

(
H̄j + H̄k

))
, (28)

Ξi =
1

2

[
−2Aij

13H̄j − 2Aik
13H̄k − 4ηAjk

2 H̄jH̄k − η
d

dt

[
A1A4

(
H̄i + H̄k

)
A3

]
−

1

3

d

dt

[
A1A11

(
H̄i + H̄k

)
A3

]
+

1

3A3

(
−3Ai

8 + 2A1η
(
H̄j + H̄k

)) ∑
l=a,b,c

Al
4
˙̄Hl+

+
1

3

A1

A3
(A11 + 3ηA4)

(
H̄j + H̄k

)
H

(
H̄i − H̄j − H̄k

)
+

1

3A3
A1A17

(
H̄j + H̄k

)]
, (29)

Πi =
1

2

1

2

d

dt

[
A1A4

(
H̄j + H̄k

)
A3

]
− 1

3

A1

A3

(
H̄j + H̄k

) ∑
l=a,b,c

Al
4
˙̄Hl+

+
1

2

A1A4H

A3

(
H̄j + H̄k

) (
H̄j + H̄k − H̄i

)
+ 2Ajk

2 H̄jH̄k

]
, (30)

Σi =
1

3
A1η

(
H̄j + H̄k

)
−Ai

8, (31)

M = −1

2

1

abc

d

dt

abc
−1

2

A11A17

A3
+ η (η̇)A+ η

−A18 + 2
∑

l=a,b,c

Al
8
˙̄
lH − 3Ȧ8−

−3

2

A17A4

A3
− 9A8H +

1

2

A11

A3

∑
l=a,b,c

Al
4
˙̄Hl

− 1

4

A17
2

A3
+A20 +

1

2
A(η̇)2+

+ (η̇)

−A18 + 2
∑

l=a,b,c

Al
8
˙̄
lH − 3Ȧ8 −

3

2

A17A4

A3
− 9A8H +

1

2

A11

A3

∑
l=a,b,c

Al
4
˙̄
lH

+

+ η

−1

2

A17

A3

∑
l=a,b,c

Al
4
˙̄
lH +

1

2

1

abc

d

dt

abcA11

A3

∑
l=a,b,c

Al
4
˙̄
lH

+

+ η2

1

2
A1D2 +

1

2
D1

(
Ȧ1

)
− 1

4

1

A3

 ∑
l=a,b,c

Al
4
˙̄
lH

2

+
3

4

1

abc

d

dt

abcA4

A3

∑
l=a,b,c

Al
4
˙̄
lH

 , (32)

m =
(
A1D2 +D1Ȧ1

)
− 1

A3

 ∑
l=a,b,c

Al
4
˙̄
lH

2

+
1

abc

d

dt

abcA4

A3

∑
l=a,b,c

Al
4
˙̄
lH

 . (33)

4


