Supplementary Material to the article “Effect of Sum Blockade in a

Polariton Trimer”

1. FLOQUET ENGINEERING OF THE
POLARITON TRIMER HAMILTONIAN

Consider the following Hamiltonian for a model
describing three tunnel-coupled polariton modes formed
in three closely spaced micropillars, interacting with
each other due to the overlap of the polariton wave
functions of neighboring micropillars. We also introduce
modulation of the natural frequency of the micropillars
following a cosine law:
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where A = (w — wy).
Transform the Hamiltonian (S1) using the unitary
operator
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where 6; = 3—; sin (w;t + ¢;) + wqt, and using the
following transformation rule for the Hamiltonian
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we obtain the following Hamiltonian:
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where Q/(t) = Q(t)ewdtﬂ*&n(wlw‘ﬁl). Apply the
Jacobi-Anger expansion:
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to obtain the following Hamiltonian:
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i = win—w;m, ¢;" = ¢in— ¢;m. The terms

with g;; are stationary if the frequency in the exponent
is zero:
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Only such terms contribute to the effective hopping of
a polariton between micropillar ¢ and j. With (S7), we
obtain the following effective coupling constant:
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Assuming that the external laser pumping is also
. AL
modulated: Q(t) = Fje-wate™imy sin(wit+dn) - mpey
in the rotating wave approximation, we obtain the
following Hamiltonian:
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The coupling in (S9) is non- remprocal but the

Hamiltonian remains Hermitian, as H=H"'.
Under the condition w; = 2w; (i>j), the resonance

condition nw; = mw; becomes a condition on the
indices 2n = m. The smallest integer solutions (besides
the trivial one) are (n,m) = (1,2) and (n,m) =
(-1,-2).



The effective coupling is the sum over all multiple
solutions:
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For small arguments of the Bessel functions S, the

value of J,(z) decreases rapidly with increasing
index m. This allows truncation of the infinite
series, retaining only the most significant terms

corresponding to the smallest indices k, namely:
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Thus, the series can be approximated with high
accuracy by the sum of these three terms:

off . _
Z-a(2)a(2)
9ij w; Wi
A; AN A; AN\ s
+ J1 <> J2 <]> 624} + J_1 () J_Q (J) e Zq)”,
w; w, w; w

(S11)

where q)ij = (251 - 2(]5]

Using the identity J_,(z) = (—=1)"J,(z), we obtain
the following expression for the effective coupling
parameter:
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where we chose modulation amplitudes A; such that
A,

=L = const = &/ < 1, and introduced the notations:
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2. SOLUTION OF THE SCHRODINGER
EQUATION

Consider the following Bose-Hubbard model, which
describes our model in the particular case of equal
detunings. The Hamiltonian of such a model is given
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The state of the system [¢) can be written as
a sum of n-particle states |1/J(")>, each representing

a superposition of states [ijk), describing different
distributions of n particles across the three modes of
the system:
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where c¢;;, is the probability amplitude for the state
lijk), with i+ j+k = n, denoting a state with ¢ particles
in the first mode, j particles in the second mode, and
k particles in the third mode. In the first equality, the
n-particle quantum state is introduced; M is the size
of the truncated Hilbert space (maximum number of
particles in the system). From the Hamiltonian (S9), we
can obtain the following system of differential equations
for the amplitudes ¢;; of the state (S6):
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where A; = A; —i%.
The Schrodinger equation for the n-particle state
|9(™) (t)) can be written as:
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where we introduced the particle-number-conserving
part of the full non-Hermitian Hamiltonian
ﬁo = éTGgf)é + Zl Uidldzdidi and the part increasing
the particle number by one: H'Jr = >, Fz-d;r. Here,
Ggf) G — j/2diag(y1,72,73) is the effective
non-Hermitian coupling matrix for the single-particle
subspace. Additionally, we neglected the pumping part
of the Hamiltonian H,,which increases the particle
number, which is valid in the weak pumping limit
due to the leading order of probability amplitudes
leC V] < et

From (S16) for the amplitude vector of the n-particle
state
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we can obtain the following equation
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the amplitude vector ¢(™ contains T, 41 elements.
For the two-particle state, the matrix f takes the form:
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while the matrix preserving the particle number n = 2
is:
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Using the obtained matrices G,f, we can find
stationary solutions of the equations (S18) for the
probability amplitudes c¢(™ recursively:
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The normalized wave function takes the form:
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3. STATIONARY SOLUTION OF THE
LINDBLAD EQUATION
We write the Lindblad equation for the trimer:
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where D;[p] = &jpd; - %{d}&j, p}, and {-, -} denotes the
anticommutator.

The equations for the matrix elements of the density
matrix ppm are:
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The contributions to the equation (S24) are separated
by their physical meaning as follows:

1. Diagonal part of the Hamiltonian:
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4. Dissipation:
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To find the stationary state pss (t — o00) of the
polariton system, it is necessary to solve the Lindblad
equation with the condition % = (. This transforms the
dynamic equation into a homogeneous system of linear
equations Lpgs = 0, where £ is the matrix form of the
Liouville superoperator.

In the basis of occupation numbers, the Hamiltonian
and dissipation operators couple only states with nearby
particle numbers, so the matrix form of £ is highly
sparse. This property is crucial for computational
efficiency, as the matrix dimension, equal to (M +
1)2% (where k& = 3 is the number of modes, and
M is the maximum number of particles per mode
used for truncation of the Fock space), can be very
large. To solve this system, a direct method based
on LU decomposition for sparse matrices was used.
This approach is implemented in the steadystate
function of the QuTiP (Quantum Toolbox in Python)
library, which efficiently finds the desired non-trivial
zero eigenvector and automatically normalizes it to
satisfy Tr(pss) = 1.



