Supplementary Material to the article “Phonon mechanism of the
anomalous Hall effect in a p, + ip, superconductor”

1. Quantum kinetic equations have the form:
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— Green’s function in Nambu space, I self-energy, T, — time-ordering operator at Keldysh contour,
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and A® B = J d:cgfl(xl, zg)B (22, x3). In what follows, we transform kinetic equations to Wigner coordinates
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and suppose that relative variables, x’, vary on microscopic scale while the x are macroscopic and slow variables.
Correspondingly, we apply the gradient expansion to convolutions:
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and limit expansion by lowest nonvanishing order. In (S6) the gradient operator G reads
1
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On the left side of the equation (Sla) we have deal with the operator gy ' — gg *, where gy (z1) = id;, — h(z1).
Within quasiclassical approximation, kinetic operator g, - Jo I take the form
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where Vp(z) = [p+ ps(z)]/m. To construct the Boltzmann theory we will neglect the dependence of distribution
function on the relative time and corresponding frequency. Thus we derive truncated version of kinetic operator
(S8), which will act on electron Green’s functions:
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Fig.S1. Self energy 2ph diagrams. Red solid and blue dashed lines correspond to electron, é, and phonon,
D, Green’s functions correspondingly. Circle and triangle vertexes describe the Vi and Va2 electron-phonon

interactions.

2. Self energy is constructed by two terms

E(p7w; r, t) = AO(p) + th(p,w; I‘,t),

where the order parameter Ay is a consequence of p, + ip, electron-electron pairing and has the form
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where 7, , . are the Pauli’'s matrices. The second term,
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describes the electron-phonon collisions and its third-order diagrams are presented in Fig.S1.
3. Bare electron Green’s functions are the solution of the equation (S1b) when X, is omitted:
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Now we can write the lesser and greater Green functions using relations
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where n is Fermi distribution function. The necessary lesser functions are

G< =2mi [npuié(w —é&p)+ (11— n_p)vfﬁ(w +é_p)],
F< =2mi(A/2ep) [npd(w — &p) — (1 = n_p)d(w + E_p)],
F= =27i(A*/2ep) [npd(w — &p) — (1 — n_p)d(w + £_p)],

G< =2mi [npvid(w — &p) + (1 — n_p)udd(w +E_p)],

where the Bogolubov’s amplitudes are
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The greater electron Green’s functions have similar form:

G~ = —2mi[(1 — np)uid(w — &p) + n_pvid(w + E_p)],
F> = —27i(A/2ep) [(1 — np)d(w — Ep) — n_pd(w + £_p)],
F> = =27i(A* 2ep) [(1 — np)d(w — &p) — n_pd(w + E_p)],
G”> = —2mi [(1- np)vch(w —&p) + n_puié(w +&_p)]. (S17)

For the self-energy to be found, the phonon Green functions will be necessary:
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D (p,w) = —2miwp [(1 + Np)d(w — wp) + N-pd(w + wp)],

where Ny, — phonon distribution function.
4. Boltzmann-equation. Let us introduce the operator
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Then it is easy to check that
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Fortunally, operators b and B obey commutation relation bB = Bb. So we act on the {11} component of the

kinetic equation (S1a) by b and derive Boltzmann-equation using identities (S20)
(S21)
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where collision integral reads
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By some calculation we get
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where (1) = (p,w = &p). Computing self-energies (Fig.S1) with condition N, — 0 and holding skew scattering

processes only we obtain expressions (21)-(23) of the main text.
5. The function F is expressed through a triple integral:
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