
Supplementary Material to the article "Dissipative Van der Waals and mirror-image 

forces of atoms with keV energies at glancing reflections from the metal surface" 

The Bonham-Strand model [1] of the electron density of atoms with 1 ≤ Z ≤ 36 operates with 

the expression (atomic units 𝑒 = ℏ = 𝑚𝑒 = 1 are used) 
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By rearranging (S1), we can write it in the form of Eq. (1) with the parameters 
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                                                              (S2)          
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    𝑑𝑗 = 𝜆𝑖
𝑏  and  𝛾𝑗 = 𝛾𝑗

𝑏       for  𝑗 = 0,1. . 𝑚                                                                               (S4)        

 For Na and K atoms, parameters 𝑐𝑖 ,  𝜆𝑖 ,   𝑑𝑗  and   𝛾𝑗  are given in Table S1.  

Table S1. Parameters of atomic electron distributions  

Atom i, j         𝑐𝑖       𝜆𝑖       𝑑𝑗         𝛾𝑗  

Na 

 

 

 

           0 

           1 

           2 

           3  

     1.1353 

   -0.1353 

     1.7667 

     0.6239 

     1.2009 

     25.776 

       2.013 

       11.463 

     -1.7781 

     -3.576 

2.013 

11.463 

K 

 

 

 

 

 

           0 

           1 

           2 

           3 

           4  

     1.4523 

     -0.4523 

      1.855 

      1.0116 

     -0.14855 

       2.32 

       32.78 

       5.438 

       20.656 

       0.6328 

     -5.045 

-10.448 

0.047 

5.439 

20.656 

0.6328 

                                                                                                 

 When solving Eq. (2), the 𝜌(𝑥, 𝑦, 𝑧, 𝑡) and 𝛷(𝑥, 𝑦, 𝑧, 𝑡) are represented in the form  

𝜌(𝑥, 𝑦, 𝑧, 𝑡) = ∫
𝑑𝜔
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∫
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where 𝐤 = (𝑘𝑥 , 𝑘𝑦) and  𝛒 = (𝑥, 𝑦). Substituting (S5) and (S6) into Eq. (2) yields 

(
𝑑2

𝑑𝑧2
− 𝑘2) 𝜙𝜔𝐤(𝑧) = −4𝜋𝜌𝜔𝐤(𝑧)                                                                                             (S7) 

Table S2 presents the fundamental frequencies of electronic transitions and oscillator 

strengths corresponding to Na and K atoms [31]. 

Table S2. Parameters of electronic transitions of Na and K atoms 

Atom 𝑓𝑖 𝜔𝑖, atomic 

units 

 

Na 

0.324 

0.648 

0.167 

0.335 

0.0772 

0.0772 

0.0206 

0.0206 

 

K 

0.347 

0.684 

0.051 

0.102 

0.059 

0.0593 

0.0366 

0.0366 

  

 

Fig. S1(a) (Color online) Interaction potential of a K atom with an aluminum surface. 

Designations are the same as in Fig. 2a.  



 

Fig. S1(b) (Color online) Stopping power of a K atom with an initial energy of 50 keV 

depending on the distance to the surface. Designations are the same as in Fig. 2b. 

 

Fig. S2 (Color online) Same as in Fig. S1(b) in the Firsov-Moliere approximation. 

 

Fig. S3 (Color online) Resulting energy loss of a K atom upon reflection from an aluminum 

surface as a function of transverse energy. 



 

Fig. S4 (Color online) Dissipative van der Waals energy loss of a K atom. The data of the two 

bottom curves are magnified by 8 and 3 times. 
 

The Firsov-Moliere approximation for the interatomic interaction potential 𝑉𝑎(𝑟) reads 

𝑉𝑎(𝑟) =
𝑍1𝑍2

𝑟
∑ 𝛼𝑖exp(−𝛽𝑖𝑟/𝑎𝐹)

𝑖

, 𝑎𝐹 = 0.8853(√𝑍1 + √𝑍2)
−2/3

                                     (S8) 

where 𝛼𝑖 = (0.1, 0.55, 0.35)  and 𝛽𝑖 = (6, 1.2, 0.3 ). Averaging (S8) according to Eq. (13) 

yields 

𝑈𝑎(𝑧) = 2𝜋𝑛𝑍1𝑍2𝑎𝐹
2 ∑
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exp(−𝛽𝑖𝑧/𝑎𝐹)                                                                                  (S9) 

According to original Firsov’s result [2], based on Eq. (20), the result of the integration  reads 

𝛥𝐸(𝑏, 𝑣) =
0.35(𝑍1 + 𝑍2)5/3𝑣

(1 + 0.16√𝑍1 + 𝑍2
3 𝑏)

5                                                                                             (S10) 

where 𝑏  is the impact parameter. When an atom is moving above the surface,  𝑏 = √𝑧2 + 𝜌2 

(see Fig. 1). Then, unlike Eq. (23), the electronic energy loss per unit path length is given by 

𝑑𝐸

𝑑𝑥
= 𝐹𝑥(𝑧) = 2𝑛𝑣 ∫ 𝑑𝜌𝜌arccos(𝑧/√𝑧2 + 𝜌2)𝛥𝐸(√𝑧2 + 𝜌2).                                          (S11)

∞

𝑧
   

where 𝑛 is the atomic volume density of the target. Assuming that arccos(𝑧/√𝑧2 + 𝜌2) ≈ 1 

and performing the integration in (S11) yields 

𝑑𝐸

𝑑𝑥
≈ 2.28𝑛(𝑍1 + 𝑍2)

(1 + 0.64√𝑍1 + 𝑍2
3 𝑧)

(1 + 0.16√𝑍1 + 𝑍2
3 𝑧)

4                                                                         (S12) 

Formula (S12) has been used when calculating the curves “Firsov” in Figs. (2b) and (S1). 

Moreover, in the case of the Firsov-Moliere approximation, formulas (8)–(10) in the main text 

can be used with the substitutions 𝑐𝑖 → 𝛼𝑖 , 𝜆𝑖 → 𝛽𝑖/𝑎𝐹, 𝑑𝑗 ≡ 0. 
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